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INTRODUCTION TO A NEW CLASS OF AGGREGATION
OPERATORS ON MULTIPLE SETS

SANJITHA R AND BAIJU THANKACHAN*

ABSTRACT. Multiple set theory has been introduced with the motive of
getting a new mathematical tool that can easily handle the uncertainty
of an object along with its multiplicity. This paper introduces a new
class of Aggregation operators viz., Monotonic Anti Monotonic (M AM),
Monotonic On Monotonic (MOM), and Monotone Identity Commuta-
tive Aggregation (MICA) on multiple sets. Also, some of their basic
properties are discussed. Further, improved results are obtained by com-
paring t-norm, t-conorm, and uni-norm operators in multiple sets.

2010 MATHEMATICS SUBJECT CLASSIFICATION. 03E72, 94D05

KEYWORDS AND PHRASES. Multiple sets, Aggregation operator, MAM
operator, MOM operator, MICA operator.

1. INTRODUCTION

Multiple set theory introduced by Shijina and Sunil [7] is a unified mathe-
matical structure to represent numerous uncertain features of objects simul-
taneously, in multiple ways. Specifically, each ambiguous aspect of an object
is represented by a different fuzzy membership function and values are as-
signed to each membership function in line with the object’s multiplicity.
The ability to condense the whole data into a single matrix-like structure
is the main advantage of multiple sets. Consequently, a matrix is assigned
to each object by a multiple set where each row of the matrix denotes a
unique fuzzy membership function according to each attribute of the item.
The theoretical development of multiple sets along with a rudimentary in-
troduction to aggregation operators, relations, similarity measures, and the
topological structure of multiple sets were discussed in [7, 8, 9, 10, 11].

The theory of aggregation operations in fuzzy sets provides a useful ac-
count of how to combine several fuzzy sets in order to obtain a desirable fuzzy
set. Several studies have been done around the theme of fuzzy aggregation
operators [1, 2, 3, 4, 5]. Aggregation operators have been instrumental in the
understanding of the problem of merging criteria functions to produce over-
all decision functions [1, 4]. The relationship between the various criteria is
crucial in figuring out how such aggregation functions [6] should be struc-
tured. Major advancements in the study of aggregation operators establish
the role of triangular norms in characterizing t-norm and ¢-conorm. Yager
came up with the idea of generalizing connectives in fuzzy sets, introducing
Monotonic Anti Monotonic (M AM), Monotonic On Monotonic (MOM),
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and Monotone Identity Commutative Aggregation (MICA) operators on
fuzzy sets [16, 17, 18].

The aim of this study is to introduce M AM MOM, and MICA opera-
tors to the field of multiple sets. A conceptual theoretical framework has
been developed with reference to Yager’s work, defining M AM ,MOM , and
MICA operators [12, 13, 14, 15] as bag mappings in multiple sets. Follow-
ing this, a detailed comparison of MAM ,MOM, and MIC A is made with
the preset structures like -norm, t-conorm, and matrix norm aggregation
operators in multiple sets thereby bringing together the main findings. In
the final section, a more simplified way for constructing a class of MICA
operators is depicted along with an example.

2. PRELIMINARIES

Definition 2.1. [5, 12] An aggregation operation on m fuzzy sets (m > 2)
is a function L : [0,1]™ — [0,1] that satisfies the following azioms:

i) L(0,0,...,0) = 0 and L(1,1,...,1) = 1.

i)For any pair (ri,79,...,7ym) and (81,82,...,8m) of m-tuples such that
ri,8: € [0,1], if i < s; foralli € Ny, then L(r1,7r9, ..., rm) < L(s1,82,. .., 8m)-
i.e., L is monotonic increasing in all its arguments.

i11) L is continuous.

i) L(r1,r2,...,"m) = L(rpa),Tp@), - Tpm)) for any permutation p on
Np,.

v) L is idempotent function that is , L(r,r,r,...,r) =7 for all v € [0,1].

Definition 2.2. [7] Let Y be a non-empty crisp set called the universal set
and Ty, Ty, ..., T, be n distinct fuzzy sets on'Y corresponding to distinct at-
tributes associated with each element in'Y . For each i € Ny; T (y), T2 (y),

e ,Tik(y) are membership values of the fuzzy set T for k identical copies of
the element y € Y in decreasing order. Then a multiple set T of order (n, k)
over'Y is an object of the form {(y, T(y));y € Y} where for each y € Y its
membership value is an n X k matriz in M (collection of all matrices) given

by,

Tli(y) le(y) Tl:(y)
Ty = |BW W B
Tiy) Tiy) -+ TFy)

Definition 2.3. [7] Let G, H € MS,, ;;)(Y) where MS(, 1,)(Y') denotes the
collection of all multiple sets of order (n,k) then,

i)Subset:G C H if and only if G(y) < H(y)Vy € Y.

ii)Union : The union of G and H is a multiple set in MS,, 1,(Y') denoted
by (GU H)(y) = G(y) vV H(y). _

ii1) Complement: Complement of G € MS, ;y(Y) denoted by G whose
membership matriz for each y € Y is an n x k matriz G(y) = [GH(y)]nxk
where C_;f(y) =1- Gf_jHVi € N, and j € Ni.

Let M™ denote the Cartesian product M x M x ... x M(m times)
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Definition 2.4. [8] Let Hy; be fuzzy aggregation operators for every i € Ny,
and j € Ny. Define a function H: M™ — M as follows,

Matrices N1 = [(nl)ij]nxk, N2 = [(nz)ij]nxk, ceey Nm = [(nm),’j]nx}c in M are
mapped to a matriz P=[p;;]nxi such that pi; = Hij((n1)ij, (n2)ij, - - -, (Nm)ij)
for every i € N,, and j € Ni. Then H is called an aggregation operator
induced by the fuzzy aggregation operator H;; for every i € N, and j € N.
It is represented as H = [Hyjlpnxk.

Definition 2.5. [14] A mapping E : I"™ — I is called an OWA (ordered
weighted average) of dimension n if associated with E is a weighting vector
W = Wy, Wa,...,Wy,]" such that

i) Wy € (0,1), ) >, Ws =1 where E(q1,q2, .., qn) = Wip1 + Wapa +--- +
Wopn and p; is the it" largest element in the collection qi,qa, ..., n.

3. MAM, MOM AND MICA OPERATORS.

Definition 3.1. Consider X as the universal set and A1, As, ..., Ay, be the
corresponding multiple sets of order (n, k) defined over X, then an m-bag in
X isa collection of multiple sets where repetition is allowed For example,
let B = (A1,Az2, Az, Ag) then B is a m-bag and |B| = 4.

Definition 3.2. Consider two m-bags A and B, then their sum is defined
as AP B = {Ai‘Ai € Aor A B}.

Definition 3.3. UX denotes the collection of all m-bags defined over X.
The m-bag operator F : UX — MS(mk,)(X) satisfying the following condi-
tions,

i) F(A)=A, ii) F(A® B) = F((F(A), F(B))) is called a value functional.

Definition 3.4. Consider two m-bags A and E, then A > B if Aj(x) >
Bi(x) i.e. Al(z) > Bl(z)Vz € X.

Definition 3.5. The m-bag mapping H : UX — MS(p, 1)(X) is an ag-
gregation operator defined by H(A1,Az,...,Am)(x) = P(x) where p;; =
Hij[(a1)ij, (@2)ij, - - -, (am)ij] and H;j denotes the fuzzy aggregation opera-
tor. Hence the aggregation operator H is said to be induced by the fuzzy
aggregation operator H;;.

Definition 3.6. The m-bag mapping H : UY — MS(,, 1) (Y) is called a
MAM operator if it satz’sﬁes the following conditions,

i)If K > L then H(K) > H(L).

it) IfD K@L then H(K) > H(D).

iii) If D = K @ (I) then H(lA)) = H(K) where I denote the multiple set
whose membership matriz has value 1 in all entries Vx € X.

Monotonic Anti Monotonic (M AM ) operator decreases the aggregated value
with an increase in arguments.

Theorem 3.1. M AM operator is a generalization of the “and” aggregation
operator.

Proof. Consider the mapping H : UY — MS ;1) (Y) defined by, H(}\E) =
min(R), let B = (R1,Rg) and § = (Sy,Sa).
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(i) Take R>Siec., Ri(y) > Si(y);i=1,2 andy €Y.
- min((Rl,R2>) > min((Sl, S2>)

~

Therefore H(R) >

H(S).
That is, if R > 9 then H(R) > H(S).
(ii) Let ﬁ = ﬁ 3 = <R1,R2,Sl,82>
Now, H(D) = min(R1,Ra,S1,S2) < min(R1,Re) = H(

Hence, H(R) > (ﬁ)

\:_g)

(iii) Let D = R (I) = (Rq,Ra,I). That is, H(D) = min(Rq,Ra,I).
Since, I(y) = Ri(y)vy € Y, min((R1,R2.I)) = min(Rq,Rz) it follows
that H(R) = H(D). O

Definition 3.7. The m-bag mapping G : UY — MS,, 1,y (Y) is called as a
MOM operator if it satisfies the following conditions,

z)IfJ>K thenG( ) = G(K).

i1) IfD J@K then G(J) < G( ).

iii) If D = J @ (0) then G(D) = G(J) where O denote the multiple set
whose membership matrix has 0 in all entries for all y € Y.

Monotonic On Monotonic (MOM ) operator increases the aggregated value
with an increase in arguments.

Theorem 3.2. MOM operator is a generalization of the “or” aggregation
operator.

Proof. Consider the m-bag mapping G : UX — MS(;, 1)(Y) defined by
H(J) = maa(J) where J = (J1,J3) and K = (K1, Ks).

(i)Let J > K = maz(J) > max(K). That is, G(J) > G(K).

(i) Let D=JPK = (J1,J2,Kq,Ks).
Then G(D) = maz(J1,J2,K1,K2) > mazx(J1,J2) = G(J).
Hence G(J) < G(D).

(iii)Let D = J @(0) = (J1,J3,0). - ~
Since, max({(J1,J2)) = max((J1,J2,0)) we get G(J) = G(D). O

A multiple t-norm and t-conorm are general versions of multiple ‘and’ and
'or' aggregation operators. Shijina et al. [8] introduced multiple t-norm and
multiple ¢t-conorm as binary operations on multiple sets. The above-defined
MOM and M AM operators satisfy the conditions of multiple ¢-norm and
multiple t-conorm. Indeed it can be considered as t-norm and t-conorm if the
domain is restricted to the collection of bags consisting of two multiple sets
only. Now we show the associativity and commutativity condition as follows:

Let < P, Q,R > be a bag consisting of multiple sets P, Q and R
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Commutativity:
H(A,B)=H(A®B)=HBa®A)=H(B,A).
Associativity:

HP, HQ,R))=H(P,HQ®R))
=H(H(P),HQ®R))
=HHPa®QaR))
= H(H(P@Q) ® H(R)))

HH((P&Q)aR))

= H(H(R Q),R))

=H(H(P,Q),R).
Definition 3.8. The m-bag mapping M : UY — MS,, 1y(Y) is called a
MIQA operator if it has thejallowing properties.
)If R > S then M(R) > M(S).
it) For every m-bag R there exist an element (U> € UY called the identity
element of R such that if, D = R @ (U) then M(D) = M(R).
The Monotone Identity Commutative Aggregation (MICA) operator does

not specify the identity element, it is mentioned as a general multiple set
defined over X.

Theorem 3.3. Matriz norm-aggregation operation defined in multiple set
theory is a particular case of MICA aggregation operator.

Proof. Let E,F, G and H be multiple sets of same order defined over the
universal set Y then,
Commutativity:

ME,F)=ME®F)=MFoE)=M(F,E).
Monotonicity:
For E>F,G>Hand G > E the bag (E,G) > (F,H)
= M(E,G) > M(F,H).

Associativity:

Thus M(E, M(F,G)) = M(M(E,F),G).
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The existence of identity directly follows from the definition of MI1C A-
operator. O

Theorem 3.4. For a MIC A- operator M the identity element U is unique.
Proof. Suppose Uy and Uz be two identity element then, P= (U1, Uy),

constitute a bag with 2 elements. Considering U; as the identity element
we get,

(1) M(P) = Uy
Considering Ug as the identity element we get,
(2) M(P) =0,

From (1) and (2),
U; = Us,.
t

Definition 3.9. A MICA operator M is said to have a fized identity ele-
ment if there exists a multiple set M such that U =M V A.

Note 3.1. MOM operator is a MICA operator with fized identity (O).
MAM operator is a MIC A operator with fixed identity (I).

DeﬁniAtion 3.10. MICA operator M is said to have a self identity if for
every A the identity U = M(A).

Example 3.1. The average aggregation operator H is a self-identity aggre-
gation operator.

Consider the average aggregation operator H, let L be an m-bag consisting
of two multiple sets of order (2,2) defined over the universal setY = {y} then

H(L) = H(Ly,Ly)
) () = ) ()
H(La)(y) = {(y;) (yj)} H{La)y) = [@3)' <yi>']

N+ @))/2 (g2 + (y2)')/2
H{Ly, L2)(y) = [<y3 + ()2 (vt <y4>'>/2}

H(Lo H(L)).

{y1+(y1)’+(§;1+(y1)’)/2} {y2+(y2)’+(§/2+(y2)’)/2}

Let, D =L@ H(L), H(D)

H(Lq,La, H(L))(y) =

{y3+(y3)'+(gs+(y3)’)/2} {y4+(y4)’+(3?)/4+(y4)')/2}

{31+ 3(n)'} /6 {3y2 + 3@)/}/6}
{3y3 +3(y3)'}/6 {3ys+3(ya)'}/6

_ [+ )2 e+ (y2)’}/2}
{ys + (y3)'}/2 {ya + (ya)'}/2
H(Lq,La, H(L)) = H(Ly,Ls).
Theorem 3.5. Let H be the MIC A aggregation operator with fixed identity
I then for any m-bag S and for any multiple set M we have,

H(S) > H(S & (M)).
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Proof. Let D=8 @ (I) where I is the multiple set with each entry 1 in
the membership matrix then,

H(D) = H(S & (I)) = H(S)
Now let, C'= 9§ @ (M). That is C < D
From the monotonicity of H we have,
H(C) < H(D)
= H(S) > H(S ® (M))
O

Theorem 3.6. Let M Qe the MIC A aggregation operator with fized identity
O then for any m-bag B and for any multiple set N we have,

M(B) < M(B @ (N)).

Proof. Let C=Ba (O) where O is the multiple set with each entry 0
in the membership matrix then,
M(C) = M(B® (0)) = M(B).

Now let, G=Ba (N). That is G > C
From the monotonicity of M we have,

0

By Considering the idea of the conjugate of a multiple set, the dual ag-
gregation operator of H can be defined as H : UX — MS;, 1) (X) where
H(P) = I—- H(P))* and P = I — P*.P* is a matrix of order (n, k) with
entries given by

(P)i(x) (P (z) -+ (P)(x)
i) = | (P ()
(P)i(z) (P t(w) -+ (P)a(a)

Theorem 3.7. If H is a MICA operator with fized identity Q then it’s
dual, H is also a MICA operator with fized identity I — Q.

Proof. Let A = (Q1) and B = (Q2) be two m-bags such that A>B.

A>B = Qi >Qa hence, Q; < Qa

(3) = H(Q1) < H(Q2)

Now, H(Q1) = (I - H(Qu))*and H(Qz) = (I - H(Q2))".
From (3) we get (I— H(Q1))* > (I - H(Q2))".

— H(Q1) > H(Q2).
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il

That is, H(Q1) = H(Q1) ® (I — Q).

O

Theorem 3.8. If R is a self identity MICA operator then it’s dual R is
also a self identity MIC A operator.

Proof.
Let B=T & (R(T)) then R(B) = R(T & (R(T)))
= (I - R(T& (R(T))))"
=(I- R(T® R(T))*
=1- R(T)
= R(T).
Thus R is also a self-identity MICA operator. (]

3.1. A group of ordered MICA operators on multiple sets. For any
(U) € UX it’s possible to define a M IC A operator M having (U) as the fixed
identity. Let g be a non decreasing function defined on MS, ;y(X) then
for any m-bag A = (A1, As, ..., A,) the operator M(A) = g> ;A —U|
where |A; — U] is the dual of multiple set A; — U with entries in [0,1].
Thus, M(A) is a MICA operator with fixed identity (U).

For any two bags P and Q with P > Q,

M(P) =g [Pi=U

Q =gZ\Qi—U\-

Since P> Q.Y [Pi—U|>> [Q;— Ul

= M(P) > M(Q).
Let D=Pa® (U) then,

M(D) =g} [Pr=0|+[U-T| = M(P),

Thus M is a MIC A operator with fixed identity U. Similarly, it is possible
to construct an ordered weighted MICA operator. Let 7 : N — [0, 1] be a



Introduction to a new class of Aggregation operators on multiple sets

non-decreasing function, the weighted matrix W of order (n, k) is given by

w11 w12 - Wik

w21 w22 - W
W= 2k

Wnp1 Wp2 -+ Wpk

where w;;y = (i +j+1) —7(i + ).
Now define the ordered weighted MIC A operator M’ as,

M'(A) =g WP —WU|.

Clearly, M’ satisfies the properties of the MICA operator with the fixed
identity WU. Let,
D =Pag (WU).

M'(D)=g> [P;=WU| +[WU = WU| = M'(P).

2
Lets consider the non-decreasing functions g , h and i defined on MS,, 1) (Z)
where,

Plj2 P2/2 ... PEj2
O
P1/2 P2/2 e PE/2
(1+Wn(P))/2 (1+W(PP))/2 -+ (L+In(Pf))/2
h(P) = (1+ln(P2))/2 (1+ln(P2))/2 (1+1n(P2k))/2
(1+ln(P1))/ (1+ln(P2))/2 (1+ln(P’“))/
(1— Pl)? 0 0
i(P) = 1 (1-P3)? - 0
N 1 -y

As mentioned above, it is possible to define MIC A aggregation operators
a, B, and ~.
:UZ — MS(99)(Z —gZ|P U|.

B:U” — MS(2)(2),8(P) =h_ [P;—U|.
v:U% — MS(55)(2),7(P)=i)_ [P;—UJ.

Example 3.2. Let Z = {z1,22} be the universal set.For the m-bag P =
(P1,P2) of order (2,2) defined over Z with,

0.3 0.2 0.5 0.4
Pi(z) = {0.2 0.1]’ Pi(z) = [0.3 0.3}

0.6 0.4 0.4 04
Pa(z) = [0.3 0.2] Palz) = [0.2 0.2}
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For,

o O
[l

1
o=,
. — 0.8 03] o5— 0.6 0.5
Pr=Ul(0) = [0.9 0.2}’ [P1 = Ul(2) = [0.7 0.3]

e 0.6 0.6] 55— 0.6 0.6
P2 = Ul(a1) = [0.8 0.7}’ P2 = Ul(2) = [0.8 0.2]

a((P1,P2))(z1) = QZ [Pi — Ul(21)

a((P1,P2))(z1) = g(|P1 — Ul(21) + [P2 — U|(21))

Py, Pa))e0) = | )

a((P1,P2))(22) = ¢ Z P; — Ul(22)

a((P1,P2))(22) = g(|P1 — Ul(22) + |[P2 — U|(22))

a((P1,P2))(22) = [0().%(55 82?}

B((P1,P2))(z1) = hz |Pi — Ul(21)

(2

B((P1,P2))(21) = h(|P1 — Ul(21) + [P2 — Ul(21))

s Pa e =[5 0]

B((P1,P2))(22) = hz IP; — Ul(22)

B((P1,P2))(22) = h(|P1 — U(z2)| + [P2 — Ul(22))

e P = [ 07

7((P1,P2))(21) = ZZ |Pi — Ul(21)

V((P1,P2))(21) = i(|[P1 = Ul(z1) + [P2 — Ul(21))

Pr P = 7100

7((P1,P2))(22) = ZZ |Pi — Ul(22)

7((P1,P2))(22) = i(|P1 — Ul(22) + [P2 — U(22)

1P = %0
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Similarly, ordered weighted M IC A operators can be constructed. Yager
has done detailed work on this in fuzzy set theory which served as a major
motivation to extend those theories to multiple set theory. The more gen-
eralized nature of MAM, MOM, and MICA operators provides a simple
approach to dealing with practical problems involving decision-making.

4. CONCLUSION

The fuzzy aggregation operator is a much-explored topic of research. In
this paper, we wisely generalize the theory of fuzzy aggregation operators
into multiple sets taking into account the necessity of dealing with a va-
riety of qualities in the decision-making process and many other practical
problems. Yager’s quest to acquire more generic operators leads to the in-
troduction of the MAM, MOM, and MICA operators in fuzzy set theory.
Here we introduce the notion of MAM, MOM, and MICA operators on
multiple sets, and their properties are investigated in detail. We have shown
the equivalence of M IC A operators and matrix-norm aggregation operators
defined in multiple set theory and the final results are quoted. At the end
of the study, we presented a generalized method to derive ordered MIC A
aggregation operators.
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